Compact symmetric spaces are probably one of the most prominent class of formal spaces, i.e. of spaces where the rational homotopy type is a formal consequence of the rational cohomology algebra. As a generalisation, it is even known that their isotropy action is equivariantly formal.
Introduction
An important notion in Rational Homotopy Theory is the concept of formality, which, roughly speaking, expresses the property of a space that its rational homotopy type can be formally derived from its rational cohomology algebra; that is, all rational information is contained already in the rational cohomology algebra. In particular, obstructions to formality like Massey products vanish. There are several prominent classes of formal manifolds: compact Kähler manifolds, symmetric spaces, homogeneous spaces of equal rank just to mention a few. (Nonetheless, even amongst homogeneous spaces the lack of formality should be generic-see [1] for several classes of nonformal examples .) In this article we are interested in certain homogeneous spaces G/K of compact connected Lie groups. An a priori unrelated concept is equivariant formality of an action of a compact Lie group K on a manifold M , which states that the Borel fibration M ֒→ M × K EK → BK is totally non-homologous to zero, i.e. the map induced by the fiber inclusion H * (M × K E K ; Q) → H * (M ; Q) is a surjection.
In the special case of the isotropy action of K on G/K, i.e. the action given by left multiplication of the isotropy group K on G/K, there is a wellknown characterisation (see [4, Theorem A]) which yields that equivariant formality of K G/K implies the formality of G/K. Accordingly, several classes of isotropy actions are known to be equivariantly formal, namely the ones on symmetric spaces or, more generally, on k-symmetric spaces (see [8] , [9] ).
In this note we aim to find further classes of homogeneous spaces with equivariantly formal isotropy actions and to pave a way towards Question 0. 1 . Let G be a compact connected Lie group and let σ be an abelian Lie group of automorphisms of G. Does it hold true that the isotropy action on G/G σ 0 , where G σ 0 denotes the identity component of the fixed point set of σ, is equivariantly formal?
(Clearly, one may ask this question first for the formality of G/G σ 0 .) We verify the general question for small groups σ.
Theorem A. Question 0.1 can be answered in the affirmative whenever |σ| ≤ 7.
The conjecture is trivial for the trivial group. For |σ| = 2, it exactly states the well-known equivariant formality of the isotropy action on symmetric spaces. For |σ| = 4 we have to distinguish the two cases σ = Z 4 or σ = Z 2 ⊕ Z 2 . The first case, as well as the cases |σ| = 3, 5, 6, 7 follow from the main results in [17] , [18] , [9] .
In this article we prove that a compact (Z 2 ⊕ Z 2 )-symmetric space is equivariantly formal. The proof proceeds by stepping through the classification of these spaces and first proving their formality. We then provide a general criterion which, building on the formality of a homogeneous space G/K, reveals its isotropy action as equivariantly formal. Finally, it only remains to realise that the arguments we provided for formality are actually strong enough to already yield equivariant formality in the light of this new criterion.
Note that due to [15, p. 56 , Proposition] a (Z 2 ⊕ Z 2 )-symmetric space defined in analogy to a symmetric space (see [15, Definition 1.1] ) is already homogeneous. Hence, in the light of given homogeneity, Question 0.1 allows for an obvious reformulation.
Observe further that in [15, Proposition 4.3] it is claimed that such a (Z 2 ⊕ Z 2 )-structure is geometrically formal (the product of harmonic forms is again harmonic) once there exists a compatible metric. This would imply formality as well, in generality, however, does not occur (see for example [14] ) . We remark that our main result has recently been proven by Sam Hagh Shenas Noshari for the case of (Z 2 ⊕Z 2 )-symmetric spaces in his dissertation [11] . His approach, however, is different from ours, directly proving equivariant formality of the isotropy action without drawing on the classification of the latter spaces. We hope, however, that our approach can be seen as a general approach which is useful in many similar situations. We illustrate this by a quick reproof of the equivariant formality of the isotropy action on symmetric spaces.
Structure of the article. In Section 1 we review the classification of (Z 2 ⊕ Z 2 )-symmetric spaces. In Section 2 we provide the necessary concepts from Rational Homotopy Theory. The proof of the main result then starts with a case-by-case check of the formality of (Z 2 ⊕ Z 2 )-symmetric spaces in Section 3. In order to extend this to equivariant formality, we provide a criterion in Section 4. We finish the proof of the equivariant formality of the isotropy action on (Z 2 ⊕ Z 2 )-symmetric spaces in Section 5. As a service to the reader we provide a new and short proof for the equivariant formality of the isotropy action on symmetric spaces (building on their well-known formality) in Section 6.
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The classification of (Z 2 ⊕ Z 2 )-symmetric spaces was carried out in [3, Theorem 14 ; Tables 1, 2 We say that a (Z 2 ⊕ Z 2 )-symmetric space G/H is decomposable if the Lie algebras of G and H decompose as g = g 1 ×g 2 and h = h 1 ×h 2 , where h i ⊆ g i and where g 1 , g 2 are nontrivial-otherwise it is called indecomposable. For our purposes, it suffices to consider indecomposable (Z 2 ⊕ Z 2 )-symmetric spaces.
where G is a connected compact Lie group and H is a connected closed subgroup. Then there is an automorphism φ of G such that the pair (G, φ(H)) is one of the following:
(1) G is a torus and H a closed connected subgroup;
(2) G is simple and G/H is a (Z 2 ⊕ Z 2 )-symmetric space;
(3) G is simple and G/H is a symmetric space in the usual sense; (4) G is simple and H = G; (5) up to finite coverings, G = L × L, where L is a simple compact Lie group and H = {(g, g) | g ∈ K}, where K ⊂ L is such that L/K is a symmetric space in the usual sense; (6) up to finite coverings, G = L × L, where L is a simple compact Lie group and H = {(g, g) | g ∈ L};
where L is a simple compact Lie group.
Proof. For the Lie algebra of G, we have the decomposition
where g 0 is an abelian ideal and g 1 , . . . , g k are simple ideals. The group σ acts on g by automorphisms. Since the above decomposition is uniquely determined and a Lie algebra automorphism maps the center of a Lie algebra onto itself, it follows that we have Case (1) if g 0 is nontrivial.
Otherwise, we may assume g = g 1 ⊕ . . . ⊕ g k is semisimple. Since any Lie algebra automorphism maps a simple ideal g i of g onto an isomorphic simple ideal g j of g, it follows that one can define an action of g on the set I := {1, . . . , k} by permutations by setting σ(i) = j whenever σ(X) ∈ g j for X ∈ g i . The orbits of this action on I can have 1, 2, or 4 elements. Thus, since we are dealing with indecomposable spaces, we have k = 1, 2, or 4.
Assume k = 1. Then g = g 1 is simple and we have Cases (2), (3), or (4), depending on whether the effectivity kernel of the action of σ on G has 1, 2, or 4 elements. Now assume k = 2. Then g = g 1 ⊕ g 2 , where g 1 , g 2 are two isomorphic simple ideals. Let α, β denote two generators of
. Then at least one of α, β maps g 1 to g 2 , say α(g 1 ) = g 2 . Now the other generator β either leaves g 1 invariant or maps g 1 to g 2 . In the first case define γ := β, in the latter case define γ := α • β. In either case, α and γ are two generators of σ and γ is an automorphism of g 1 . By choosing the isomorphism between the two simple summands appropriately, we may assume that γ| g 2 = α • γ| g 1 • α −1 . If now γ acts on g 1 as the identity, then we are in Case (6); otherwise, γ acts as a nontrivial involutive automorphism on g 1 and we are in Case (5).
If we have k = 4, we are in the remaining Case (7).
Tools from rational homotopy theory
Rational Homotopy Theory deals with the so-called rational homotopy type of nilpotent spaces. In this short note we shall not try to review this theory, but we point the reader to [6] and [7] as a reference. The article builds on Sullivan models (ΛV, d) of nilpotent spaces. Recall the main theorem of Rational Homotopy Theory, which, up to duality, identifies the underlying graded vector space V with the rational homotopy groups π ≥2 (X) ⊗ Q of X (with a special interpretation using the Malcev completion in degree 1).
In particular, the construction of a Sullivan model of homogeneous spaces upon which we draw heavily can be found in [6, Chapter 15 (f)] or [7, Chapter 3.4.2] . Recall that finite H-spaces have minimal Sullivan models which are graded free exterior algebras generated by finitely many elements. Due to the long exact sequence in homotopy applied to the universal fibration BG → EG → G of a compact Lie group G (together with the fact that V is dual to rational homotopy groups and a lacunary argument for the differential) we derive that H * (BG; Q) is actually a free polynomial algebra generated in even degrees. A usually non-minimal Sullivan model for the homogeneous space G/K of compact Lie groups with K connected (these spaces are known to be simple whence accessible to rational homotopy theory, and they are the only homogeneous spaces which we consider throughout this article) is constructed as
where (ΛV G , 0) ∼ = H * (G; Q) and the differential d vanishes on H * (BK). Thus the differential is induced (and extended as a derivation) by its behaviour on a homogeneous basis (v i ) of V G . One obtains that
where φ : K ֒→ G is the inclusion and v (+1) denotes the suspension, a (+1)degree shift of v.
Throughout this article we shall construct the models of the homogeneous spaces as cited above and always use rational coefficients in cohomology.
Let us finally recall the concept of formality here. A nilpotent space is formal if there is a chain/a zig-zag of quasi-isomorphisms, i.e. of morphisms of cochain algebras inducing isomorphisms on cohomology, between the cochain algebra of polynomial differential forms A PL (X) and the cohomology H * (X; Q). As formality does not depend on the field extension of Q we may replace A PL (X) by de Rham forms A DR (M ) on a smooth manifold. Another simplification may be formulated using minimal Sullivan models (ΛV, d)
Note that a finite product is formal if and only if so are its factors-we shall actually only use the completely obvious implication that the formality of the factors implies the formality of the product.
It 
Proof. Conjugation induces a diffeomorphism G/T
Recall further the concept of a pure space; that is a space admitting the subsequent decomposition of its minimal Sullivan model: let (ΛV, d) be such a model, then d| V even = 0 and dV odd ∈ ΛV even . (We may extend this definition to non-minimal Sullivan models.) The model of a homogeneous space constructed above clearly is of this form (and hence so is its minimal model). For such models formality implies a well-known strong structural result (for example see [1] ):
with (ΛV ′ , d) elliptic and with k ≥ 0. In particular, it is formal if and only if (ΛV ′ , d) has positive Euler characteristic.
In the case of a compact homogeneous space G/K the number k equals the corank rk G − rk K of K ⊆ G.
We call a rationally elliptic space of positive Euler characteristic positively elliptic.
Formality: Stepping through the cases

3.1.
Reducing to the case of simple G. We deal with the different cases in Proposition 1.1.
ad 1: If G is a torus and H a closed connected subgroup, then it is again a torus, and so will be G/H.
where L is a simple compact Lie group and H = {(g, g) | g ∈ K} with K ⊂ L such that L/K is a symmetric space, then we can argue as follows: The resulting space is constructed via inclusions
where the latter is a diagonal inclusion. It follows that the Sullivan model of G/H is of the form
where the first factor is a model of the antidiagonal {(l, l −1 ) | l ∈ L} in L×L, and (A, d) is a model of L/K. Hence it is a product of formal algebras.
ad 6: If G = L × L, where L is a simple compact Lie group and H = {(g, g) | g ∈ L}, then the quotient is just diffeomorphic to the antidiagonal which again is diffeomorphic to L.
Coverings.
We remark that if G/K is a homogeneous space of compact Lie groups G, K, and both G and K are connected, then G/K is a simple space (see [7, Proposition 1.62, p. 31]) and the techniques of rational homotopy theory apply. In particular, a Sullivan model of G/K can be constructed as described in Section 2. However, this implies that once G ′ /K ′ is a homogeneous space of connected Lie groups and a finite covering of G/K (both G, K connected), then the model we construct for it is identical to the one of G/K. Indeed, for this we note that the inclusions of the maximal tori T H ֒→ T G respectively T H ′ ֒→ T G ′ which completely determine the respective models (together with the given Weyl groups, which remain the same under finite coverings) are uniquely determined by local data, namely, by the inclusions of the corresponding Lie algebras t H = t H ′ ֒→ t G = t G ′ due to the commutativity and surjectivity properties of the exponential map on compact Lie groups.
Hence, the spaces G/H and G ′ /H ′ which may differ by a finite covering are rationally not distinct as long as all groups are connected; hence, in the following, we may pick a representative out of the corresponding equivalence class.
3.3.
Homogeneous spaces of equal rank groups. These spaces are socalled positively elliptic spaces with cohomology concentrated in even degrees given as the quotient of a polynomial algebra by a regular sequence (see [6, Proposition 32.2, p. 436 ]. In particular, they are formal.
The following (Z 2 ⊕ Z 2 )-spaces fall in this category:
where at most one of a, b, c is odd;
3.4.
Spaces sharing the maximal torus with a symmetric space. As a consequence of Corollary 2.1 we note that any space G/H such that H shares its maximal torus with H ′ such that G/H ′ is a symmetric space is formal.
As for (Z 2 ⊕ Z 2 )-symmetric spaces we apply this to the following:
3. 5 . The remaining spaces. The remaining (Z 2 ⊕ Z 2 )-spaces not covered by the above two cases are the following:
In the following we shall deal with these cases. 3 . 6 . Diagonal double block inclusions. Case 1. Let us consider the space Sp(2n)/Sp(n). We use the convention
Now using the inclusions sp(n) ⊂ sp(n) ⊕ sp(n) ⊂ sp(2n), we obtain the subalgebra
Hence the space Sp(2n)/Sp(n) is given by the two-block diagonal inclusion of Sp(n) into Sp(2n).
Each standard inclusion Sp(n) ֒→ Sp(2n) is rationally 2n-connected. As in the following cases, this can be verified by direct computation or by citing [16, Chapter 6] . For the convenience of the reader we sketch the computation. We prove the analog statement for the induced map between classifying spaces. For this we identify cohomology generators with polynomials in the cohomology generators t 2 i of the classifying space of the maximal torus invariant under the action of the Weyl group. It is then easy to see that corresponding polynomials are mapped to each other.
This implies that the induced map on rational homotopy groups of the considered inclusion Sp(n) ֒→ Sp(2n) is multiplication by two in degrees 1 ≤ i ≤ 4n − 1 and, clearly, the projection to zero in degrees 4n + 1 ≤ i ≤ 8n − 1, as the rational homotopy groups of Sp(n) are concentrated below degree 4n + 1. This implies that π * (Sp(2n)/Sp(n)) ⊗ Q is concentrated in odd degrees. More precisely, considering the model 15.16, p. 219] ) of this homogeneous space where (ΛV BSp(n) , 0) and (ΛV Sp(2n) , 0) are minimal models for BSp(n) and Sp(2n) respectively. We deduce that
with generators v i of degree i corresponding to the rational homotopy groups of Sp(2n) in degree i.
This can be seen as follows: The linear part d 0 of the differential d corresponds to the transgression in the dual long exact homotopy sequence of the fibration Sp(2n) ֒→ Sp(2n)/Sp(n) → BSp(n). The generators of the underlying vector spaces of the minimal models identify with the rational homotopy groups up to duality. It follows that the vector spaces V BSp(n) and V Sp(2n) are graded isomorphic via d 0 (raising degree by +1) in degrees below 4n + 1. In other words, up to a contractible algebra a Sullivan model of the homogeneous space is concentrated in degrees at least 4n + 1, i.e. so is its minimal Sullivan model. Moreover, the differential on the remaining generators becomes 0. Consequently, Sp(2n)/Sp(n) is formal.
For the case SU(2n)/U(n) we recall its construction as a (Z 2 ⊕ Z 2 )-symmetric space: We have the group diagram
(We remark that this corrects a putative error in [3] .) Due to this diagram we see that the map H * (BSU(2n)) → H * (BU(n)) factors over H * (BSp(n) ).
In particular, we directly see that, since H * (BSp(n)) is concentrated in degrees divisible by 4, generators of H * (BSU(n)) of degree congruent to 2 modulo 4 map to 0. Hence at most n generators of H * (BSU(2n)) can have a non-trivial image. Since this number equals the rank of U(n), these generators indeed must map to a regular sequence in H * (BU(n)), since the cohomology of the homogeneous space is finite dimensional. It follows that H * (SU(2n)/U(n)) splits as the product of a positively elliptic algebra and a free algebra in n generators of odd degree whence the space is formal.
Case 3. Basically the same arguments as in the first case apply to SO(2n)/SO(n) with the double block standard inclusion. Here, however, we have to differ two cases.
First, we assume that n is odd. The cohomology of BSO(2n) is generated by elementary symmetric polynomials in the t 2 i (except for the top degree one) where the t i generate H * (BT ) with T ⊆ SO(2n) the maximal torus, together with the polynomial t 1 · t 2 · . . . · t n in degree 2n − 1 (compensating the lack of t 2 1 ·. . .·t 2 n ). Using the analog description for BSO(n) we derive that the standard inclusion SO(n) ֒→ SO(2n) injects all the rational homotopy groups of SO(n). They lie in degrees 3, 7, . . . , 2n − 3 and-in these degrees correspond bijectively to the rational homotopy of SO(2n). Interpreting these results for the double blockwise inclusion, we derive that in these low degrees the induced map on rational homotopy groups is just multiplication with 2 again. Thus, by taking the quotient with a contractible algebra, we obtain that . . , v 4n−3 , 0) Again, this homogeneous space rationally is a product of odd-dimensional spheres and formal, in particular.
Let us now assume that n is even. With the analogous arguments we derive that all the rational homotopy groups of SO(n) which are represented by symmetric polynomials in the t 2 i are mapped bijectively to the corresponding ones in SO(2n). There remains the class x n represented by t 1 · . . . · t n/2 and the minimal model looks like
with d(v ′ 2n−1 ) = x 2 n and d vanishing on all other generators. (The first property is due to the fact that t 1 · . . . · t n maps to t 2 1 · . . . · t 2 n/2 under the morphism induced on the cohomologies of classifying spaces by diagonal inclusion.) Thus, the space rationally is the product of odd-dimensional spheres with exactly one even-dimensional sphere and again formal. 
In particular, this means that the k-th elementary symmetric polynomial in the t i is mapped to a nontrivial multiple of the k-th elementary polynomial in thet i up to a perturbation by another symmetric polynomial generated by the first k−1 elementary symmetric polynomials. That is, the inclusion induces an isomorphism on the first n non-trivial rational homotopy groups. In other words, it follows that the map induced in the cohomology of classifying spaces is surjective, and that H * (SO(4n)/Sp(n)) is an exterior algebra, which is intrinsically formal.
Case 5. Let us now deal with Sp(n)/SO(n) in a similar manner. The inclusion of SO(n) ⊆ Sp(n) is induced by the componentwise inclusion R → H. That is, on the torus we have the induced morphism t 1 → t 1 , t 3 → t 2 , t 5 → t 3 , . . . , t n → t ⌊n/2⌋ and t 2i → 0. This implies that elementary symmetric polynomials in the t 2 i map to elementary symmetric polynomials in the t 2 i although we lose several summands: Let us first assume that n is odd. Then these considerations imply that the inclusion SO(n) ⊆ Sp(n) is rationally 4((n − 1)/2)-connected. Again, the quotient is just a free algebra on odd generators.
If n is even, then the same arguments imply that the quotient is just a product of an even-dimensional sphere (with volume form corresponding to the product t 1 · . . . · t n/2 -the t i from H * (BSO(n))-) and a free algebra. In any case the space is formal. 3 . 7 . The space SU(n + m)/SO(n) × SO(m). For this case we may assume that both n and m are odd. Indeed, otherwise the group SO(n) × SO(m) shares its maximal torus with SO(n+m). The space SU(n+m)/SO(n+m) is symmetric. Since formality only depends on the inclusion of the maximal torus, SU(n + m)/SO(n) × SO(m) is also formal.
Thus suppose that n, m are odd, i.e. we consider SU(2n+2m+2)/SO(2n+ 1) × SO(2m + 1). We compute the Sullivan model of the space. ( We may assume that the maximal torus of the first denominator factor is embedded into complex coordinates 1 to 2n, the one of the second factor into coordinates 2n + 3 to 2n + 2m + 2.) We obtain the Sullivan model
with the differential induced by
where t 1 , t 3 , t 5 , . . . , t 2n−1 generates the cohomology of the torus of SO(2n + 1) and t 2n+3 , t 2n+5 , . . . , t 2n+2m+1 generates the cohomology of the torus of SO(2m + 1).
Since the rational homotopy groups of BSO(2n + 1) respectively the ones of BSO(2m + 1) are concentrated in degrees divisible by four, so is their rational cohomology, and we derive that dv = 0 for v ∈ V SU(2n+2m+2) of degree congruent to 1 modulo 4. It follows that dv 5 = dv 9 = dv 11 = . . . = dv 2(2n+2m+2)−3 = 0
The differential of the generator in top degree 2(2n+2m+2)−1 corresponds to
Consequently, also its differential vanishes. Thus the model splits as
The crucial observation we now make is that the first factor is exactly the Sullivan model one constructs for the homogeneous space SU(2n + 2m)/(Sp(n) × Sp(m)). The latter space shares its maximal torus with the symmetric space SU(2n + 2m)/Sp(n + m); thus it is formal.
Alternatively, due to the observation above this model is of the form
and the first factor has as many generators as relations, i.e. it is positively elliptic and formal. Hence the model of SU(2n + 2m + 2)/SO(2n + 1) × SO(2m + 1) is the product of two formal Sullivan algebras and formal, consequently. As remarked above, we may assume for the first space that all three of the a, b, c are odd; for the second space three or four of the a, b, c, d are odd. (Otherwise we would deal with an equal rank pair or a space sharing its torus with a symmetric pair.) Let us first deal with the first space. The inclusion of the stabiliser group is blockwise. The stabiliser group has corank 1. Combining this information a similar approach as in the last section actually yields, that the top elementary symmetric polynomial in the t 2 i from SO(a + b + c), namely t 2 1 · . . . · t 2 (a+b+c−1)/2 , maps to zero under the map induced on classifying spaces by the inclusion of the stabiliser. Consequently, the remaining cohomology generators of the numerator need to map to a regular sequence in H * (B(SO(a)SO(b)SO(c), since cohomology is finite-dimensional. It follows that the minimal model for the homogeneous space splits as this positively elliptic space times the free algebra generated by the generator of SO(a+b+c) corresponding to t 2 1 · . . . · t 2 (a+b+c−1)/2 up to degree shift.
Let us now consider the second space and first assume that all of a, b, c, d are odd. Then the stabiliser has corank two and, similar to the last case, now the top two rational homotopy groups of SO(a + b + c + d) map to zero. Thus the homogeneous space rationally is the product of a positively elliptic space and the free algebra generated by two elements. In particular, again, it is formal.
Suppose now that a, b, c are odd, d is even. Then the corank is 1, the top rational homotopy group restricts to zero; again we have a similar splitting and formality. 3.9 . The spaces E 7 /F 4 , E 7 /Sp(4), E 7 /SO (8) . In order to prove the formality of E 7 /F 4 we shall merely use two pieces of information.
(1) the rational homotopy groups of E 7 and F 4 , (2) the fact that the inclusion of simple simply-connected compact Lie groups induces an isomorphism in third rational cohomology, i.e. is rationally 4-connected. Let us elaborate on this briefly.
The rational homotopy groups of E 7 are concentrated in degrees 3, 11, 15, 19, 23, 27, 35 and one-dimensional per degree. For F 4 we have one-dimensional rational homotopy groups in degrees 3, 11, 15, 23 In the depicted situation third cohomology can be identified with the multiples of the Killing form. The pullback of a Killing form is an integral non-trivial multiple of the Killing form, since so is every invariant non-trivial bilinear form.
We are now ready to start computing a Sullivan model of E 7 /F 4 . It is given by
, d) and the differential vanishes on the first summand. Write
The cohomology is finite-dimensional. This implies that there is an element in V E 7 mapping under the differential to v k 1 24 + . . ., one (not necessarily a different one) to v k 2 16 +. . ., one to v k 3 12 +. . ., one to v k 4 4 +. . . for k 1 , k 2 , k 3 , k 4 ∈ N. Comparing degrees with the generators of V E 7 , i.e. the rational homotopy groups of E 7 , we obtain that k 1 = k 2 = 1, k 3 ∈ {1, 3}, k 4 ∈ {1, 3, 5, 7, 9}.
Since the inclusion of the denominator group induces an isomorphism on third cohomology, we can assume that k 4 = 1.
It follows that E 7 /F 4 has the rational homotopy type of either a product of three odd-dimensional spheres (dimensions 19, 27, 35) or of three odd-dimensional spheres (dimensions 11, 19, 27) with a factor of the form
In any case the manifold is formal.
As for the formality of E 7 /Sp(4) and E 7 /SO (8) , it suffices to observe that both subgroups Sp(4) and SO(8) share one of their respective maximal tori with the subgroup F 4 ⊂ E 7 considered above. To see this for Sp(4), we observe that both subgroups Sp(4) and F 4 are contained in E 6 ⊂ E 7 and arise as the (connected component) of the fixed point set of an automorphism of E 6 . It follows from [5, Chapitre II] that two maximal tori of Sp(4) and F 4 , respectively, are conjugate by an element of E 6 (see Corollary 2.1). The same argument may be applied to the subgroups Sp(4) and SO (8) , which are both contained in SU(8) ⊂ E 7 .
3.10.
The spaces E 6 /Spin(9), E 6 /Sp(2)Sp(2). It again remains to observe that Spin(9) and Sp(2)Sp(2) share a common maximal torus (up to covering). For this we may write E 6 /Sp(2)Sp(2) = E 6 /Spin(5)Spin (5) due to due to the exceptional Lie group isomorphism Sp(2) ∼ = Spin(5). We observe that there are a symmetric space E 6 /Sp(4) and inclusions (U(4) ⊆ )Sp(4) ⊇ Sp(2) × Sp (2) All of these groups have rank 4 whence they share a common maximal torus in E 6 .
As for sharing the maximal torus with Spin(9) we draw on the symmetric space E 6 /Spin(10)U(1). The group Sp(2)Sp(2) in the form of Spin(5)Spin(5) is contained in this Spin(10)-subgroup and shares a maximal torus with Spin(9) in E 6 . (This follows easily from the block inclusions of SO(5)SO(5) ⊆ SO(10) ⊆ SO(9).)
A criterion for equivariant formality
We present a characterisation of the equivariant cohomology of the isotropy action which builds on formality of G/K and provides an additional condition to check. Note that π * (BG) = Hom(π * (BG), Q) denote dual rational homotopy groups. The first inclusion expresses the fact that rational cohomology of BG is a polynomial algebra generated by spherical cohomology classes, i.e. by dual homotopy groups. Proof. Under the given assumptions we show that the induced map on rational cohomology of the fibre inclusion of the fibration G/K ֒→ EK × K G/K → BK is surjective. We form a model of the total space as a relative model of this fibration, i.e. actually as a biquotient model (cf. [12] , [7, Chapter 3.4.2] ). This yields the Sullivan algebra
encoding the rational homotopy type of the Borel construction, with its cohomology being equivariant cohomology. The differential is given by d| H * (BK)⊗H * (BK) = 0, d(x) = (H * (Bφ)(x (+1) ), −H * (Bφ)(x (+1) )) and extended as a derivation where x is a spherical cohomology class, i.e. an algebra generator of H * (BG), and φ : K → G denotes the inclusion. Here, x (+1) is the suspension, i.e. a degree shift by +1.
Clearly, the algebra generators of H * (BG) correspond to its rational homotopy groups. That is, the condition from the assertion guarantees that also in the model of the Borel construction the same (rk G − rk K)-many generators of H * (BG) map to zero.
Now by construction of the model of the total space as a (minimal) relative Sullivan model the fibre inclusion is modelled by the projection
(where we divide by the base H * (BK) encoding the action).
Recall the classical observation that, by construction, both the Sullivan model of the Borel construction and the model of G/K are pure. Moreover, if such a space is formal, then it is necessarily isomorphic to the product of a rationally elliptic space of positive Euler characteristic and a free algebra generated in odd degrees (see Proposition 2.2).
Hence, since G/K is formal, the cohomology of this positively elliptic factor is generated by its H * (BK). Similarly, we observe that we have a subalgebra of equivariant cohomology generated by H * (BK) ⊗ H * (BK) with the second factor mapping onto its analog H * (BK) on the fibre model of G/K. Hence, the fibre projection surjects onto the positively elliptic cohomology. It remains to see that it also surjects onto the free part generated in odd degrees.
By construction this factor for the model of the fibre is generated by (rk G − rk K)-many odd-degree elements. The crucial observation which will finish the proof is that the isomorphism which yielded the product splitting is actually the identity, since (rk G−rk K)-many rational homotopy groups/generators of the model map to zero under the differential which on a generator is just H * (Bφ) up to degree shift by +1. Consequently, also on the model of the Borel construction the exactly same (rk G − rk K)-many odd degree generators map to zero under the differential as well. Since the models are pure, it follows that the projection, which again is the identity on H * (G) is surjective on the cohomology generated by these odd-degree elements.
Summarizing, we have seen the following: Since one H * (BK) from the Borel construction surjects onto the H * (BK) of the fibre (via the identity), it follows that the fibre projection is surjective on the cohomology generated by even degree elements. It is also surjective on the cohomology generated by odd-degree elements (and hence surjective in total), since
splits as a product of an algebra with cohomology generated by H * (BK) ⊗ H * (BK) and a free algebra generated by exactly the same (rk G − rk K)many generators as we find in the analog splitting on
Consequently, in total the fibre projection induces a surjective morphism on cohomology. Hence the isotropy action is equivariantly formal.
Let us refine this criterion a little more in the form of a corrollary to the actual proof of it. The content of it is indebted to the fact that the condition of the theorem will often be hard to check and maybe only hold up to, for example, taking the quotient with a contractible algebra, since the models we construct are usually highly non-minimal. The differential of the model of G/K is induced by φ : H * (BG) → H * (BK). The map in Theorem 4.1 hence controls this differential on generators. It hence requires that the dimension of the cohomology spanned by elements from V equals the rank difference. We refine this condition.
We denote by (H * G ⊗ H * BK, d) the standard model of G/K (which is usually not minimal) with (H * G, 0) = (ΛV, 0) a minimal model of G. We identify V with dual rational homotopy groups of G. Hence the morphism from Theorem 4.1 transcribes to
where ψ i is the morphism in degree i, i.e. from V i+1 → H i (BK).
Theorem 4.1 transcribes to and is slightly extended by 
Then the isotropy action is equivariantly formal.
Proof. We adapt the proof of the theorem in the following way. Due to the imposed condition the relations imposed by the dv (−1) j with 1 ≤ j ≤ rk G − rk H in equivariant cohomology, i.e. in the model of the Borel construction, are redundant as well (and not only in the cohomology of G/K), i.e. they already lie in the ideal generated by the relations imposed by the dv (−1) s for s < j. That is, there is an isomorphism of this model (which alters only these v (−1) j with 1 ≤ j ≤ rk G − rk K) such that their differential is actually zero. Consequently, they project surjectively onto rk G − rk H many linearly independent closed elements in the model of G/K, and the action is equivariantly formal.
In the following corollary we apply Corollary 4.3 in the case when in the model of G/K the subalgebra H * (BK) is contractible. Hence rk G − rk H many generators of V (due to the pureness of the model) necessarily map into this contractible algebra. Extending these generators by a basis of H * (BK) brings us in the situation to apply the previous corollary.
(from the left K-action), and the fibre projection in the Borel fibration is surjective.
In the case where A = Q, the algebra (A, d) is a model of a symmetric space, and we draw on the equivariant formality of the isotropy action on there.
Due to Proposition 4.4, the fact that equal rank homogeneous spaces have equivariantly formal isotropy actions (as the E 2 -page of the Leray-Serre spectral sequence associated to the Borel fibration is concentrated in even bidegrees only; respectively, even more generally, since homogeneous spaces satisfy the Halperin conjecture), and the result that so do symmetric spaces (see [8] ) it suffices in view of Corollary 4.5 to focus on the very same remaining cases from Subsection 3.5 as we did for formality. Having proved the formality of (Z 2 ⊕ Z 2 )-symmetric spaces in view of Theorem 4.1 it remains to check the induced map on cohomology algebra generators π * (BG) ⊗ Q ֒→ H * (BG) → H * (BK) and the dimension of its kernel. Moreover, we may again restrict to only dealing with one representative out of those spaces with identical maximal torus of the stabiliser groups.
However, we may recur to Subsections 3.6, 3.7, 3.8, 3.9, 3.10 where we carefully already did this analysis. Let us quickly recall the crucial observations from there:
• The spaces Sp(2n)/Sp(n), SO(2n)/SO(n), SO(4n)/Sp(n), Sp(2m)/SO(m) all came from block inclusions. In particular, we observed that in nearly all cases these spaces had a free cohomology algebra (generated in odd degrees). Hence, due to Corollary 4.3 the isotropy action is equivariantly formal. It only remains to consider the only two exceptions from this, namely, the spaces SO(2n)/SO(n) and Sp(n)/SO(n), both with n even. In these cases the cohomology of G/K splits as the product of the cohomology of an even-dimensional sphere and odd-dimensional spheres. Moreover, in the respective models there is exactly one generator (namely the n-th elementary symmetric polynomial in the t i , t 1 · . . . · t n , in the case of SO(2n)/SO(n) respectively the n/2-th elementary symmetric polynomial in the t 2 i in the case of Sp(n)/SO(n)) mapping into the ideal (and then actually the subalgebra) generated by the "volume form", t 1 · . . . · t n/2 of the even-dimensional sphere in H * (G/K). Hence all the rk G−rk K −1 many elements in H * (G/K) which generate the free factor actually have vanishing differentials up to a contractible algebra. Hence, applying Corollary 4.2, we see that the isotropy action is equivariantly formal in this case as well.
• As for the space SU(2n)/U(n) we observed that it split as the product of a positively elliptic algebra an a free algebra in n generators of odd degree. We further observed that these n elements come from the generators of H * (BSU(2n)) of degree congruent to 2 modulo 4.
Their image in H * (BU(n)) is trivial. Hence, due to Theorem 4.1
we may lift them to closed forms on the Borel construction, and the isotropy action is equivariantly formal. • In the case of the space SU(n + m)/SO(n) × SO(m) we observed that its minimal model splits as a positively elliptic factor times a free algebra generated by the elements
Thus it remains to observe that the we proved that the differential on all these elements vanished. Then we apply Corollary 4.2. 3 yields the result in the first case, or we argue as in the second case, namely adapting the argument from the first item: The free factor of the cohomology of E 7 /F 4 is generated by 3 elements which also have trivial differentials considered as elements in the model of the Borel construction. Hence the fibre projection is surjective, and the action is equivariantly formal. • The space E 6 /Spin (9) . The cohomology of SO(9) is generated in degrees 3, 7, 11, 15, the ones of E 6 in degrees 3, 9, 11, 15, 17, 23 . We observed that the minimal model is generated in degrees 8, 9, 17, 23 and is actually of the form (Λ w, y, z, x , d) with deg w = 8, deg y = 9, deg z = 17, deg x = 23, dw = dy = dz = 0 and dx = w 3 . As in the last item we may hence argue that the free factor is generated in degrees 9 and 17, and the corresponding generators x and y again also, up to isomorphism, have vanishing differential considered as elements of the model of the Borel construction. Hence the fibre projection is surjective in cohomology and the action equivariantly formal.
A short alternative proof of the equivariant formality of the isotropy action on symmetric spaces
We provide a short argument for the equivariant formality of symmetric spaces building upon their classification together with the classical fact that they are (geometrically) formal.
It is a short and classical argument to prove that compact Lie groups, considered as symmetric spaces (G × G)/∆G (with the diagonal inclusion ∆G) have equivariantly formal isotropy actions. In this case, the quotient G ∼ = (G × G)/∆G is obviously formal, and, rationally, the fibre projection in the Borel fibration the Borel construction is just odd degree generators which lift to closed elements on the Borel construction. Hence the isotropy action is equivariantly formal.
• The spaces SU(2n)/Sp(n). The argument is basically the same as for n odd in the previous case: The algebra H * (SU(2n) is concentrated in even degrees 4, 6, . . . , 4n whereas H * (BSp(n)) is concentrated in degree divisible by four, namely 4, 8, . . . , 4n. Hence, again merely for degree reasons n − 1 many of the generators of H * (BSU(n) ), namely the ones in degrees 6, 10, . . . , 4n − 2 map to zero under the morphism induced by the group inclusion. Since the corank of Sp(n) in SU(2n) is exactly n − 1 we deduce that the isotropy action is equivariantly formal, since the n − 1 many generators in degrees congruent to 2 modulo 4 lift to closed elements on the Borel construction. • The spaces SO(p + q)/SO(p) × SO(q) with both p, q odd. The stabiliser inclusion is blockwise. The subgroup has corank 1. Hence it suffices to observe that the (p + q)/2-th elementary symmetric polynomial in the t 2 i , the formal roots of H * (BSO(p + q)) maps to zero under the map induced by the inclusion on the cohomology of classifying spaces-indeed, the cohomology of the classifying space of the denominator group is generated by polynomials in the t 2 i . Hence this element comes from the corresponding cohomology class of the Borel construction, and the isotropy action is equivariantly formal.
• The space E 6 /(Sp(4)/(±I)). Since the cohomology of E 6 is generated in degrees 3, 9, 11, 15, 17, 23 and the one of the denominator group in degrees 3, 7, 11, 15 we derive as above that In the spirit of Corollary 4.2 we observe that x and y also have trivial differentials considered as elements of the model of the Borel construction modulo the ideal of a contractible algebra. Hence the isotropy action is equivariantly formal. • The space E 6 /F 4 . Since the cohomology of E 6 is generated in degrees 3, 9, 11, 15, 17 , 23 an the one of F 4 in degrees 3, 11, 15, 23 we see as above that the cohomology algebra of E 6 /F 4 is a free algebra generated in degrees 9 and 17. Due to Corollary 4.3 the isotropy action is equivariantly formal.
